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Cohesive zone modelA new viscoelastic cohesive zone model is formulated for large deformation conditions and within a fully
coupled thermomechanical framework. The model is suitable for the simulation of a wide range of prob-
lems especially for polymeric materials. It can capture viscoelastic crack propagation as well as energy
dissipation due to this process. Starting from the principles of thermodynamics, a 3D ﬁnite element for-
mulation is derived for a fully coupled simultaneous solution of the thermal ﬁeld and the deformation
ﬁeld. The viscoelastic model is constructed by extending an elastic exponential traction separation law
using a simple rheology. The viscous part of the tractions is postulated to have the same characteristic
length as the elastic part and that they are related by a single material parameter. A Newtonian dashpot
is used to describe the evolution of the viscous separation. Furthermore, thermal effects are accounted for
using temperature expressions in both the traction laws and the viscosity of the dashpot, and using a heat
conduction law across the interface. The model is implemented within an implicit ﬁnite element code
and the internal variable is calculated using an internal iteration. Different numerical examples are used
to verify the model and a comparison with experimental data shows a satisfactory agreement.
 2013 Elsevier Ltd. All rights reserved.1. Introduction temperature-dependent. This requires the consideration of temper-The cohesive zone model (CZM) is widely used in modeling
fracture and other failure phenomena in different types of
materials. Applications can be found in homogeneous as well as
composite materials. Although it has been researched extensively
in the past decades, most existing models in the literature focus
on the mechanical behavior of the interfaces, are formulated for
small deformations, and do not deal with thermal, viscoelastic
and time-dependent effects. However, many materials used in
engineering applications show rate-dependent behavior and frac-
ture growth, which have been explored with plentiful experimental
research (Frassine and Pavan, 1995; Frassine et al., 1996; Xu et al.,
2003b; Geißler et al., 2007). Moreover, thermal and large deforma-
tion effects exist in many problems. Polymers, for example, can
undergo very large deformation before fracture, and show rate-
and temperature-dependent behavior (D’Amico et al., 2013; Lach
and Grellmann, 2008). Since interfaces in general are the weakest
link in composite materials, modeling of peeling debonding
processes in such materials using CZM requires the consideration
of viscoelastic effects in the cohesive tractions. In addition, the
mechanical properties of polymers such as rubber and epoxy,
which constitute the matrix in ﬁber reinforced polymers, areature changes during the non-isothermal deformation, which will
also affect the interface layer. Furthermore, the discontinuities in
composite materials or the cracks in structures work as a barrier
for heat ﬂow and will affect the temperature ﬁeld. Thus, the cohe-
sive zone conductance is needed to describe energy transfer across
the interface.
The overall viscoelastic effects can be caused by viscoelasticity
in the bulk material, or in the cohesive zone, or in both. Some
works as Van Den Bosch et al. (2008a) and Nguyen and Govindjee
(2006) used only a viscoelastic bulk material to capture the rate-
dependency of the test results. Other works used a rate-dependent
cohesive model together with an elastic bulk material as Xu et al.
(2003a,b), who studied rate-dependent failure of adhesive joints
using a model that consists of a rate-independent CZM in parallel
to a Maxwell element. A range of loading rates could be described
using this model. Corigliano and Ricci (2001) proposed two time-
dependent interface models for debonding degradation in polymer
matrix composites. The ﬁrst one has a viscoplastic softening inter-
face law, and the second has a time-dependent elastic-damage law.
Another viscoelastic CZM was proposed by Allen and Searcy
(2001), where a micromechanical model is constructed using a
homogenization procedure to yield a damage dependent trac-
tion-displacement law. Geißler et al. (2007) developed a time-
dependent CZM and a viscoelastic CZM based on the generalized
Maxwell model. The model is used to simulate the peel process
of sealed polymeric ﬁlms under different loading speeds. The third
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the cohesive zone is found for instance in the work of Liechti and
Wu (2001), where a rate-dependent traction-separation law is
incorporated in order to model debonding between rubber and
metal. The rate-dependence in the cohesive zone was modeled
by a nonlinear Kelvin element, and the force of the nonlinear dash-
pot was characterized by an increasing trilinear function. Finally,
Musto and Alfano (2013) constructed a thermodynamically consis-
tent viscoelastic CZM to capture the rate-dependency of the inter-
face itself regardless of the bulk material. It describes the interface
as a material continuum, rather than by the common interface for-
mulations, in order to present the cohesive model within the gen-
eral approach of thermodynamics. The model is derived from the
basic physical principles and suggests the existence of rate-inde-
pendent fracture energy and related elastic energy threshold. A
damage variable is introduced to reproduce fracture and linear vis-
coelasticity is used to describe the rate-dependency.
Small deformation formulations of cohesive models deﬁne two
separate constitutive laws for normal and tangential directions,
which require resolving the traction and separation with respect
to a local coordinate system. While this gives accurate results in
case of small deformations, it is no longer valid under large defor-
mations, where the normal and tangential directions are no longer
clearly deﬁned. This fact motivated the large displacement inter-
face element formulation proposed by Van Den Bosch et al.
(2007, 2008b), which overcomes this problem as well as eliminates
the need for the local basis by using a single relation between the
separation and the traction. Several thermomechanical CZM mod-
els have been proposed in the literature for different purposes.
Bjerke and Lambros (2003) developed a thermomechanical dissi-
pative cohesive zone model to predict the dynamic crack tip heat-
ing increase in brittle amorphous polymers. Hattiangadi and
Siegmund (2004, 2005) presented a coupled thermomechanical
CZM to describe bridged delamination cracks at heat loading in ﬁ-
ber reinforced ceramic composites, and a model to describe the
crack growth in structures loaded by heat ﬂux. Steinmann and
Häsner (2005) introduced thermodynamically consistent balance
equations for material interfaces by providing the interface with
its own thermodynamic potentials. Fagerström and Larsson
(2008) presented a formulation in which the thermomechanical
cohesive zone model is used to describe heat generation caused
by the fracture process as well as heat transfer across the cohesive
zone. Özdemir et al. (2010) developed a model suitable for the
analysis of material interfaces at different scales in which the con-
cept of thermal damage was used to quantify the reduction in the
heat ﬂux across the interface. The coupled problem was solved by a
staggered scheme. Combining a thermomechanical model with a
large deformation formulation was dealt with by Fleischhauer
et al. (2013), where a consistent framework is derived from the
principal laws of thermodynamics.
The aim in this work is to develop a large deformation thermo-
mechanical formulation for a viscoelastic CZM concentrating on
the viscoelastic behavior of the cohesive zone. The bulk material
will be modeled with a simple elastic approach to ensure that
the viscoelastic effects in the cohesive zone work in a proper
way. The model proposed here assumes that the total cohesive
tractions consist of a rate-independent part and a viscous part, that
the characteristic length of these two parts are equal, and the rela-
tions between them are described by a single material parameter.
A simple Newtonian dashpot is used to describe the relaxation of
the viscous tractions. The temperature-dependency of the tractions
and the dashpot viscosity are considered by appropriate expres-
sions. Furthermore, the energy dissipation caused by the internal
variables is integrated over the crack surfaces. Within the paper,
a ﬁxed interface is considered, whereas the detection of crack
paths is beyond the purpose of this work.The paper is structured as follows. In Section 2, a large deforma-
tion 3D ﬁnite element is formulated starting from the basic ther-
modynamic principles. The cohesive model is described in
Section 3. The constitutive equations of the viscoelastic traction
separation law and the heat transfer are explained. Section 4 gives
more details on the algorithmic implementation. In Section 5,
numerical examples are shown and compared to experimental
data. Finally, conclusions are given in Section 6 as well as discus-
sion of some important issues.2. 3D thermomechanical cohesive zone element
The formulation of interface elements within the ﬁnite element
method differs from standard solid elements in some aspects. First,
the element has initially zero thickness and, second, only tractions
across the upper and lower surfaces are involved in the balance of
forces. This feature requires to perform the integration over the
areas of the two surfaces rather than the full volume, which entails
special algorithmic treatment for the shape functions and the inte-
gration points. Here, a linear isoparametric interface element is
used with initially zero thickness. It has eight nodes and four inte-
gration points per each surface X and Xþ (see Fig. 1). The dis-
placement jump or, more commonly, the separation vector
D ¼ xþ  x is an essential variable for cohesive zone models.
The temperature of the interface is characterized by two values.
First, the temperature jump sht ¼ hþ  h computed as the differ-
ence in temperature between the two surfaces, and, second, the
average temperature h calculated as h ¼ hþ þ h =2. The average
temperature change is # ¼ h href , where href is the reference tem-
perature. The ﬁnite element formulation for the mechanical and
thermal balance equation is derived using Galerkin’s method for
the solid with interface shown in Fig. 2. Then, the derived equa-
tions are linearized to achieve a fully coupled simultaneous solu-
tion which ensures better stability of the numerical solution.
While the convegence of the overall formulation is still affected
by other nonlinearities, the simultaneous solution allows larger
time steps. Described in the current conﬁguration and using cur-
rent quantities, the weak form of the balance of linear momentum
neglecting inertia and body forces and adding the contribution
from the interface may be written asZ
B
r : grad duð Þdv
Z
@B
te duda
Z
@Xþ
duþ  tþdXþ 
Z
@X
du  tdX ¼0;
ð1Þ
where te are external Cauchy tractions, tþ and t are Cauchy
interface tractions, r is the Cauchy stress tensor and X the area of
the interface surfaces. The volume is discretized with eight nodes
using linear shape functions Nðn;g; fÞ within the isoparametric
concept of the ﬁnite element method, where n; g and f are local
coordinates that can have values from 1 to 1. Then, the displace-
ment ﬁeld u, and the variational ﬁeld du may be interpolated over
the sub-domains as follows
uðn;g; fÞ ¼ Nðn;g; fÞde; duðn;g; fÞ ¼ Nðn;g; fÞdde; ð2Þ
and the gradients of the displacement ﬁeld and the variational ﬁeld
are given as
grad uð Þ ¼ @xNde ¼ Bde; grad duð Þ ¼ @xNdde ¼ Bdde: ð3Þ
Moreover, test functions deﬁned at the upper and lower surfaces of
the element, Xþ and X, are discretized as
duþ ¼ NXþdde ¼ Nðn;g; f ¼ þ1Þdde; ð4Þ
du ¼ NXdde ¼ Nðn;g; f ¼ 1Þdde; ð5Þ
Fig. 1. (a) Linear isoparametric 8-noded 3D cohesive zone element with zero initial thickness; (b) current conﬁguration and corresponding quantities; (c) the four integration
points.
Fig. 2. Solid body Bwith open interface and illustration of the traction and heat ﬂux
across the interface.
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mechanical equilibrium equation may be expressed as
GM¼ A
n
e¼1
Z
Be
BTrdv
Z
@Be
NTteda
Z
@Xþe
NTXþt
þdXþ
Z
@Xe
NTXt
dX
" #
¼ A
n
e¼1
f eext f eint f eifc
h i
;
ð6Þ
deﬁning the interface forces f eifc as
f eifc ¼
Z
@Xþe
NTXþt
þdXþ þ
Z
@Xe
NTXt
dX: ð7Þ
In case of large deformations, the areas of the interface ﬂanks will
change signiﬁcantly, so it is more convenient to integrate over the
reference area using the ﬁrst Piola–Kirchhoff traction vector T.
Knowing that the reference area for the two crack surfaces is equal
in the reference conﬁguration dXref ¼ dXþref ¼ dXref , the equilibrium
condition of the interface can be written as T=Tþ=T. Therefore,
Eq. (7) can be rewritten as
f eifc ¼ 
Z
@Xþe;ref
NTXþTdXref þ
Z
@Xe;ref
NTXTdXref ; ð8Þ
or in a more compact form as
f eifc ¼
Z
@Xeref
NTXþ þ NTX
h i
TdXref : ð9Þ
Regarding the thermal equilibrium, following the equilibrium
principles derived in Fleischhauer et al. (2013) within the concept
of thermodynamics with internal variables. The local form of the
balance of energy may be expressed asq _eþ divq ¼ r : dþ qr: ð10Þ
where q is the heat ﬂux vector, r is the heat source and q is the den-
sity. Moreover, e is the mass speciﬁc internal energy, d ¼ 12 ðlþ l
TÞ is
the symmetric part of the spatial velocity gradient l ¼ _FF1, and F is
the deformation gradient. Furthermore, the local form of the second
law of thermodynamics may be expressed as
q _SP
qr
h
 div q
h
 
¼ qr
h
 1
h
divqþ 1
h2
q  rxh; ð11Þ
where S is the mass speciﬁc entropy, qh represents the entropy ﬂux
and rh is the entropy source per unit time and unit current mass.
Rearranging the above equation, one gets
qc ¼ q _S 1
h
qr  divqð Þ  1
h2
q  rxhP 0; ð12Þ
where c is the speciﬁc rate of entropy production. Using the balance
of energy in Eq. (10), the dissipation D is deﬁned as
D :¼ hqc ¼ qh _S q _eþ r : d 1
h
q  rxh: ð13Þ
The dissipation is split into local Dloc and conductive Dcon parts,
where both parts must be greater than or equal to zero,
D ¼ Dloc þDcon P 0, to conform with the second law of thermody-
namics. The local part reads
Dloc ¼ qh _S q _eþ r : dP 0: ð14Þ
In order to replace the entropy by the temperature as a state vari-
able, the internal energy is replaced by Helmholtz free energy using
Legendre transformation w :¼ e hS. Then, the time derivative of
the internal energy yields
_e ¼ _wþ _hSþ h _S; ð15Þ
where the free energy function in case of homogeneous inelastic
material is dependent on the deformation gradient F, temperature
gradient G ¼ rxh and internal variables I ;w :¼ w^ðx;F; h;G;IÞ. The
time derivative of the Helmholtz free energy results in
_w ¼ @Fw : _Fþ @hw : _hþ @Gw : _Gþ @Iw : _I : ð16Þ
Inserting Eq. (15) into Eq. (14), the local dissipation becomes
Dloc ¼ r : d q _w q _hSP 0: ð17Þ
Inserting Eq. (16) into the above equation and knowing that the
stress power can be expressed in terms of ﬁrst Piola–Kirchhof stress
as r : d ¼ J1P : _F and the reference density q0 ¼ Jq, one gets after
collecting terms
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The thermodynamic restriction has to be valid for any rate of defor-
mation, temperature and temperature gradient. This allows to con-
clude from Eq. (18) that
P q0@Fw ¼ 0; Sþ @hw ¼ 0; @Gw ¼ 0: ð19Þ
Therefore, the free energy function serves as a potential for stress
and entropy, P ¼ q0@Fw and S ¼ @hw. Moreover, the local dissipation
reduces to
Dloc ¼ q @Iw½  : _I P 0: ð20Þ
Inserting Eq. (16) into Eq. (15) results in
_e ¼ @Fw : _Fþ @hw _hþ @Gw : _Gþ @Iw : _I þ _hSþ h _S: ð21Þ
Furthermore, inserting the above equation in the balance of energy
principle Eq. (10) and rearranging leads to
 P q0@Fw½  : _Fþ q Sþ @hw½  _hþ q @Gw½  : _G þ q @Iw½ 
: _I þ qh _Sþdivq ¼ qr; ð22Þ
which considering again Eq. (19) leads to the balance of entropy
equation
qh _S ¼ q @Iw½  : _I þ qr  divq: ð23Þ
The rate of entropy can be calculated from the free energy function
as
_S ¼ @2hhw _h @2hFw : _F @2hIw : _I ; ð24Þ
inserting the above equation into the balance of entropy Eq. (23)
and deﬁning the volume speciﬁc heat capacity as c ¼ qh@2hhw ,
one gets
c _h ¼ divqþ qr þ q h@2hFw
 
: _F q @Iw h@2hIw
 
: _I ; ð25Þ
and deﬁning the external and internal power terms as
wext ¼ q h@2hFw
 
: _F; ð26Þ
wint ¼ q @Iw h@2hIw
 
: _I; ð27Þ
the transient heat conduction equation may be written as
c _h ¼ divqþ qr þwext þwint: ð28Þ
The weak form of the heat conduction equation considering the
interface contribution readsZ
B
dhc _hdv
Z
B
dhqrdvþ
Z
@B
dh q nð Þda

Z
B
grad dhð Þ qdv
Z
B
dhwext dv
Z
B
dhwint dv
þ
Z
@Xþ
dhþ qþ nþ wþð ÞdXþ þ
Z
@X
dh  q n wð ÞdX ¼0; ð29Þ
where n is the normal vector to the interface surface. Using a sim-
ilar discretization process as described for the mechanical part, the
thermal equilibrium equation may be expressed as
GT ¼ A
n
e¼1
Z
Be
NTh c _hdv 
Z
Be
NThqr dv þ
Z
@Be
NTh q  nð Þda
Z
B
BThqdv


Z
B
dhwext dv 
Z
B
dhwint dv þ
Z
@Xþe
NThXþ q
þ  nþ wþð ÞdXþ
þ
Z
@Xe
NThX q
  n wð ÞdX
#
¼ A
n
e¼1
hec  her þ heext  heint þweext þweint þ heifc
n o
¼ 0: ð30ÞThe interface heat energy heifc is deﬁned as
heifc ¼
Z
@Xþe
NThXþ q
þ  nþ wþð ÞdXþ
þ
Z
@Xe
NThX q
  n wð ÞdX: ð31Þ
Converting the integration to the reference area using the ﬁrst
Piola–Kirchhoff heat ﬂux Q , applying the equilibrium condition
Q N= Q Nð Þþ= Q Nð Þ and assuming that the power term is
divided into halves wþ ¼ w ¼ 12w between the two surfaces, yields
heifc ¼
Z
@Xþ
e;ref
NThXþ Q  N
1
2
w
 
dXref
þ
Z
@Xe;ref
NThX Q N
1
2
w
 
dXref ; ð32Þ
or rearranging
heifc ¼
Z
@Xeref
NThXþ þ NThX
h i
Q  N½ dXref

Z
@Xeref
NThXþ þ NThX
h i 1
2
w
 
dXref : ð33Þ
The residual expression for the interface can be identiﬁed as
Re ¼ f
e
ifc
heifc
" #
: ð34Þ
These equations are nonlinear in the unknown solution vector Xe of
all degrees of freedoms
Xe :¼ d
e
he
" #
; ð35Þ
where de are the nodal displacements and he are the nodal temper-
ature changes. The linearized residual can be expressed as
LinRe ¼ ReXe þ @R
e
@Xe
	 

Xe
 MXe; ð36Þ
where MXe is the incremental solution vector and Se :¼ @xRe is the
element stiffness matrix which has the size of (32  32) in the case
of an 8-node interface element. The fully coupled stiffness matrix is
calculated by taking the partial derivatives of the mechanical and
thermal residual terms with respect to the nodal displacements
and the nodal temperatures as follows
Se :¼ 
@
@de f
e  @
@he
f e
@
@de h
e @
@he
he
" #
: ð37Þ
Finally, the incremental element equation is written as
Se  MXe ¼ Re: ð38Þ
Required derivatives for the stiffness matrix are
@
@de
f e ¼
Z
@Xeref
NTXþ þ NTX
h i @T
@D
NXþ  NX½ dXref ; ð39Þ
@
@he
f e ¼
Z
@Xeref
NTXþ þ NTX
h i @T
@#
 1
2
NhXþ þ NhX½ dXref ; ð40Þ
@
@de
he ¼
Z
@Xeref
NThXþ þ NThX
h i @ Q  Nð Þ
@D
 
NXþ  NX½ dXref

Z
@Xeref
NThXþ þ NThX
h i 1
2
@w
@D
 
NXþ  NX½ dXref ; ð41Þ
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@he
he ¼
Z
@Xeref
NThXþ þ NThX
h i @ Q  Nð Þ
@sht
 
NhXþ  NhX½ dXref

Z
@Xeref
NThXþ þ NThX
h i 1
2
@w
@#
 
 1
2
NhXþ þ NhX½ dXref : ð42Þ
The numerical integration is performed by Gauss quadrature, using
four Gauss points. The interface forces, for instance, is evaluated as
f eifc ¼
Xref
4
X4
ip¼1
NTXþ þ NTX
 
T
h i
ip
: ð43Þ3. Formulation of the model
3.1. Tractions
Fig. 3 shows the rheological representation of the model
consisting of an elastic spring connected in parallel with one
Maxwell element. The stiffness of the springs is described using
an exponential traction-separation law. The total separation vector
D is divided into elastic De and viscous Dv parts,
D ¼ De þ Dv ; ð44Þ
and the total tractions are the sum of the elastic and viscous
tractions
T ¼ Te þ Tv : ð45Þ
The exponential law is adopted here due to the advantages that
characterize it compared to other cohesive zone laws. It is favorable
from the computational point of view because it provides the
traction and its derivatives as continuous functions. The cohesive
zone law proposed in Van Den Bosch et al. (2006, 2007) is used,
and extended with a suitable thermal expression to account
for the temperature-dependency of the tractions. The time-
independent traction is
Te ¼ /
d2
exp  Dk k
d
	 

exp
#
hb
	 

D; ð46Þ
and the viscous traction is
Tv ¼ b /
d2
exp  Dk k
d
	 

exp
#
hb
	 

D Dvð Þ; ð47Þ
where b is a material parameter describing the relation between the
elastic and the viscous tractions. / is a material parameter
representing the work required for complete separation and d is
the characteristic opening length. hb is a material parameter which
determines how sensitive the cohesive zone stiffness is to the
temperature change. The used temperature-dependency function
will lead to increasing stiffness in case of cooling and decreasing
stiffness in case of heating. The motivation behind the chosen
viscous tractions is to get them as a fraction of the elastic tractions,
it can be seen thatFig. 3. Rheological representation of the model.Tv ¼ b Te  D Dvð Þ
Dk k : ð48Þ
This law assumes that the characteristic length of the elastic and the
viscous parts are equal and what changes are the maximum traction
and the work of separation with a factor b. This has an advantage
over using an independent traction separation law with indepen-
dent parameters. In the latter case, if the separation exceeded the
characteristic length of the viscous law, the model will show hard-
ening instead of relaxation over time. The characteristic length d is
related to the material parameters / and Tmax as follows
d ¼
/ exp #hb
 
Tmax: exp 1ð Þ : ð49Þ
The cohesive law used here is characterized by a single work of
separation, which means that the energy dissipation is indepen-
dent of the mode-mixity. This assumption, though a strong one,
is valid in case of large deformation and where the main mecha-
nism of interface bridging is the formation of ﬁbrils, which is the
case for polymeric materials. This fact has been observed experi-
mentally in Van Den Bosch et al. (2008b) for a metal-polymer
interface. However, for other failure mechanisms and different
materials this may not be true and mode-mixity should be
incorporated.
Furthermore, to consider the fact that the interface will suffer
permanent loss of stiffness during loading that will cause an irre-
versible behavior in case of unloading and reloading, the exponen-
tial traction separation law is enhanced by an elasticity based
damage. Upon unloading, the cohesive model will follow a linear
elastic path to the origin, and, in case of reloading, it will follow
the same linear path until it reaches the maximum separation
Dmax reached during the loading history, and, then follow again
the exponential law. This means that the current tractions depend
on the current state of damage or the loading history. The cohesive
zone law with loading, unloading and reloading behavior is shown
in Fig. 4. The tractions in case of loading and reloading Ted and T
v
d
are given as
Ted ¼
/
d2
exp Dmax
d
	 

exp
#
hb
	 

D; ð50Þ
Tvd ¼ b
/
d2
exp Dmax
d
	 

exp
#
hb
	 

D Dvð Þ: ð51Þ
The evolution law for the internal variable Dv is taken as
_Dv ¼ d
g
Tv ; ð52Þ
where g is the viscosity, which is temperature-dependent and may
be described by the Williams–Landel–Ferry equation1
2
1
2
3
3
Fig. 4. Exponential cohesive zone law with irreversible behavior.
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C1 h href
 
C2 þ h href
	 

; ð53Þ
where g0 is the viscosity at the reference temperature. C1 and C2 are
material parameters.
3.2. Heat conduction
The heat conduction across the interface is controlled by many
factors and it is not possible to describe it by one continuous func-
tion if the accurate conduction behavior of the interface is crucial
for the simulation. Here, a heat conduction law similar to the one
proposed in Özdemir et al. (2010) is adopted. The law is a phenom-
enological description assuming that the transfer of heat occurs
along the connective bonds and is caused by the difference in tem-
perature sht between the two interface surfaces. It also decreases
with the increased separation Dk k until reaching a critical value
at which the conduction stops completely. The law is given as
Q  N ¼  1 dð Þkssht; ð54Þ
where ks is the interface heat conductivity and d is a damage
parameter quantiﬁes the reduction of conductivity due to separa-
tion. It is deﬁned as
d ¼ Dmax
Dcr
; ð55Þ
where Dmax is the norm of the maximum separation reached during
the loading history, and Dcr is the separation value at which the con-
duction stops completely. In this work, Dcr is taken to be the sepa-
ration value corresponding to traction value of 0:1Tmax during the
softening part of the cohesive law. The value of d is limited to
0 6 d  1. This lawmeans that the damage in the conduction is irre-
versible and the loading path will be different from unloading and
reloading. Furthermore, to account for the possibility that the inter-
face could close again after reaching a considerable amount of dam-
age, and that the conduction in case of contact is expected be high
again, the conduction in case of contact is taken to be
Q  N ¼ kssht: ð56Þ
It should be noticed here that the used heat conduction law is based
on the assumption of continuous heat ﬂux across the interface,
though, in general, it is expected that some heat may be lost in case
of crack opening. However, this is beyond the purpose of this work,
therefore, only the conduction along the ﬁbrils connecting the crack
surfaces is considered. This assumption has already been used in
previous thermomechanical cohesive zone formulations as in Ozd-
emir et al. (2010). Nevertheless, a discontinuous heat ﬂux formula-
tion was also used in Fagerström and Larsson (2008), motivated by
experimental observations of ductile fracture at very high strains. In
the latter case, the problem has been treated using a fundamentally
different approach.
4. Algorithmic implementation
4.1. Internal variable update
In order to evaluate the tractions and tangent expressions, one
needs ﬁrst to update the internal variable Dv . Using a local Newton
iteration, the update can be achieved by a simple scheme within
each time step of the global incremental solution. This requires
storing the variable from previous time steps as a history variable
Dvn . Then, the value of the variable at the current time step D
v
nþ1 can
be computed as
Dvnþ1 ¼ Dvn þ Dt
d
g
Tv ; ð57Þwhere Dt is the time increment. Rearranging the above equation,
the residual expression reads
R ¼ Dvnþ1  Dvn  Dt
d
g
Tv ; ð58Þ
and using the linearization yields
LinR ¼ 0 ¼ R þ @R
@Dv
Dvnþ1  Dvn
 
: ð59Þ
Required derivatives are
@R
@Dv
¼ 1 Dt d
g
@Tv
@Dv
; ð60Þ
@Tv
@Dv
¼ b /
d2
exp  Dk k
d
	 

exp
#
hb
	 

1; ð61Þ
or in case of reloading and unloading, the expressions result in
@Tvd
@Dv
¼ b /
d2
exp Dmax
d
	 

exp
#
hb
	 

1: ð62Þ
Finally, Dv can now be computed as
Dvnþ1 ¼ Dvn 
@R
@Dv
 1
 R: ð63Þ4.2. Tangent operator
In order to compute the mechanical tangent, the sensitivity of
the tractions to the viscous separations should be taken into
account. This is achieved by ﬁnding the total derivative of the trac-
tion with respect to the separation using the chain rule as follows
dT
dD
¼ @T
@D
þ @T
@Dv
:
@Dv
@D
: ð64Þ
The sensitivity of the viscous separation Dv to the total separation D
is computed using the local residual as follows
dR
dD
¼ @R
@D
þ @R
@Dv
:
@Dv
@D
¼ 0; ð65Þ
which leads to
@Dv
@D
¼  @R
@Dv
 1
:
@R
@D
: ð66Þ
Required derivatives are
@Te
@D
¼ /
d2
exp  Dk k
d
	 

exp
#
hb
	 

1 1
d Dk kD D
 
; ð67Þ
@Tv
@D
¼ b /
d2
exp  Dk k
d
	 

exp
#
hb
	 

1 1
d Dk k D D
vð Þ  D
 
; ð68Þ
@R
@D
¼ Dt d
g
@Tv
@D
: ð69Þ
In case of reloading and unloading, the expressions yield
@Ted
@D
¼ /
d2
exp Dmax
d
	 

exp
#
hb
	 

1; ð70Þ
@Tvd
@D
¼ b /
d2
exp Dmax
d
	 

exp
#
hb
	 

1: ð71Þ4.3. Power terms
For the thermal equilibrium equation, the power term w con-
sists of the external power wext caused by the rate of change of
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of viscous separation. As explained in Section 2 and by analogy, one
can deﬁne the thermal quantities for the interface, knowing that
the separation vector D is the deformation measure and Dv is the
internal variable, the external and internal powers of the interface
may be written as
wext ¼ #@2#DU
 
: _D ¼ # @#T½   _D; ð72Þ
wint ¼  @DvU #@2Dv#U
   _Dv ¼ Tv  #@#Tv½   dgTv ; ð73Þ
and the local and conductive dissipations are
Dloc ¼  @DvU½  : _Dv ¼ Tv  dgT
v ; ð74Þ
Dcon ¼ 1h Q  Nð Þsht ¼
1
h
1 dð Þkssht2; ð75Þ
where U represents the potential function of the cohesive zone. To
ensure thermodynamic consistency, the local and conductive dissi-
pations should be always positive. Sufﬁcient conditions to guaran-
tee that are keeping the material parameters d; g; ks P 0 and the
thermal damage 0 6 d  1.
4.4. Thermomechanical coupling
Within the fully coupled thermomechanical simultaneous solu-
tion described in Section 2, the required derivatives for the stiff-
ness terms are
@Te
@#
¼ T
e
hb
1 Dk k
d
	 

; ð76Þ
@Tv
@#
¼ T
v
hb
1 Dk k
d
	 

; ð77Þ
@ Q  Nð Þ
@D
¼
1
Dcr
kssht DDk k loading
0 unloading; reloading and contact;
(
ð78Þ
@ Q  Nð Þ
@sht
¼
 1 dð Þks loading; unloading and reloading
ks contact:
(
ð79Þ
The required derivatives for the power terms are evaluated as fol-
lows ignoring the second order derivatives
@Dwext ¼ # @#T½   1Dt ; ð80Þ
@#wext ¼ @#T½   _D; ð81Þ
@Dwint ¼ dg 2 dDT
vð Þ  Tv  # @#Tvð Þ  dDTvð Þ½ ; ð82Þ
@#wint ¼  dg2 @#gð Þ T
v  Tv  # @#Tvð Þ:Tv½ 
þ d
g
@#T
vð Þ:Tv  # @#Tvð Þ  Tv½ 
 d
hbg
Tv  Tv  # @#Tvð Þ  Tv½ ; ð83Þ
dTv
dD
¼ @T
v
@D
þ @T
v
@Dv
:
@Dv
@D
: ð84Þ4.5. Contact
In order to prevent penetration between the two bulk materials
into each other under compression, the cohesive element should
also incorporate a contact algorithm to detect the penetration. In
most cohesive element formulations, normal and tangential direc-
tions are considered and, therefore, local coordinates are used and
the contact can be detected from the normal displacement. In con-
trary, in the formulation adopted here, the separation Dk k is always
positive and cannot identify penetration. Therefore, a different
method is used which determines a normal unit vector n normal
to the current bottom surface X at every integration point and,
then, decomposes the separation vector D to ﬁnd the component
in the direction of n. This component will be negative in case of
penetration and, therefore, can be used combined with a suitable
contact expression to prevent penetration. Due to the four integra-
tion points of the interface surfaces, they can be curved and no un-
ique normal vector is present. Therefore, the normal vector n is
evaluated at each integration point, and is obtained from the two
tangent vectors @nx and @gx. Then, the contact penetration mag-
nitude is calculated as
Dc ¼ D  n: ð85Þ
This penetration value can be used with a suitable mathematical
function to give a very high traction once a small penetration oc-
curs. One suitable formulation is the power function which will
be added to the traction and stiffness terms only in case of Dc < 0.
As proposed by Van Den Bosch et al. (2008b), the contact traction
is taken as
tc ¼ kc Dcd
	 
2
n; ð86Þ
where kc is the contact stiffness constant. The contact stiffness ma-
trix is computed as the derivative of the contact traction
@tc
@Dc
¼ 2kc Dc
d2
	 

n  nf g: ð87Þ
The contact traction and stiffness are integrated over the current
area and added to the element forces and stiffness,
f ec ¼
Z
@Xe
NTXþ þ NTX
h i
tcdX; ð88Þ
@
@de
f ec ¼
Z
@Xe
NTXþ þ NTX
h i @tc
@Dc
NXþ  NX½ dX: ð89Þ
Finally, the total force f c and the total mechanical stiffness matrix
@
@de f
e are updated with the contact contributions as follows
f e ¼ f e þ f ec; ð90Þ
@
@de
f e ¼ @
@de
f e þ @
@de
f ec : ð91Þ5. Numerical examples
5.1. Peel test
The ﬁrst example deals with the simulation of the peel process
of a thin polymeric ﬁlm. The experimental results, which are taken
from Geißler et al. (2007), are performed on sealed Polyethylene/
Polybutene-1 (PE) ﬁlms. Peeling is the main failure mechanisms
in such materials, which are used for example in packaging of food
products. Therefore, the failure is dominated mainly by the inter-
face properties and not by the bulk material. Since the aim of this
paper is to model the cohesive zone, the bulk material will be mod-
Fig. 5. Geometry of the peel test specimen and ﬁnite element discretization.
Table 1
Material parameters and cohesive element parameters for the peel test.
Material Interface
bulk modulus j 100 (MPa)
shear modulus l 20 (MPa)
thermal expansion coefﬁcient at 1 106 (K1)
heat capacity c 1.0 (MPa/K)
reference temperature href 298 298 (K)
thermal conductivity k 0.5 (W/mK)
separation work / 0.055 (N/mm)
maximum traction Tmax 0.33 (MPa)
interface thermal conductivity ks 0.5 (N/mm s k)
contact stiffness kc 1 103 (MPa)
viscosity g 2 101 (MPa s)
viscous parameter b 1 (–)
thermal parameters C1 2 (–)
C2 120 (–)
hb 298 (K)
Fig. 6. Comparison of numerical and experimental peel curves under different
loading speeds.
Fig. 7. Deformed ﬁnite element model during the peeling test for _u ¼ 10 mm/min.
Fig. 8. Geometry, mesh and boundary conditions of the single ﬁber pull out test.
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linear displacement based thermomechanical element. The param-
eters of the bulk materials are identiﬁed using tensile loading
experiments on PE ﬁlms, see Geißler et al. (2007). The peeling test
geometry and ﬁnite element discretization are shown in Fig. 5. Due
to the symmetry of the T-peeling test, only half of the specimen is
simulated. For computational convenience, a plane strain condi-
tions are used and the specimen is discretized using variant aspect
ratios h=l of the elements as shown in Fig. 5. The mesh contains in
total 305 bulk elements and 60 cohesive elements. The boundary
conditions are held ﬁxed at the lower surface of the cohesive ele-
ments. Displacements at three different rates are applied at the
end of the specimen in the third direction u3.
The parameters of the bulk material as well as the parameters of
the cohesive model after identiﬁcation are listed in Table 1. The re-
sults of the simulations and the comparison with experimentaldata are shown in Fig. 6. The curves represent the relations be-
tween force and peel separation, which is calculated as the applied
displacement at the end of the specimen minus the original length
of the unsealed part of the specimen, and then multiplied by two to
account for the symmetric model used i.e. u ¼ 2 u3  19 mmð Þ.
Moreover, the deformed mesh of the test is shown in Fig. 7 at dif-
ferent test phases. The viscoelastic capability of the model is dem-
Table 2
Material parameters for the single ﬁber pull out test.
Rubber matrix Cohesive zone Aramid ﬁber
j ¼1000 MPa / ¼ 1:8 N/mm j ¼120 103 MPa
Gc ¼ 0:29 MPa Tmax ¼ 2:2 MPa l ¼ 25:5 103 MPa
d ¼ 0:16 (–) ks ¼ 0:24 N/mm s k at ¼ 2 106 K1
Ge ¼ 2:61 MPa kc ¼ 5 103 MPa c ¼ 2 MPa/K
b ¼ 8:3 (–) g ¼ 6 102 MPa s href ¼ 298 K
href ¼ 298 K b ¼ 3 (–) k ¼ 0:05 W/mK
at ¼ 2:1 104 K1 C1 ¼ 2 (–)
c ¼ 1:5 MPa/K C2 ¼ 120 (–)
k ¼ 0:24W/mK hb ¼ 30 K
href ¼ 298 K
Fig. 10. Comparison between experiments and simulations of the single ﬁber pull out test.
Fig. 9. Screenshots during the single ﬁber pull out test at room temperature.
Table 3
Material parameters and cohesive element parameters
for the cyclic loading test.
Material Interface
j ¼1500 MPa / ¼ 20 N/mm
l ¼ 7 MPa Tmax ¼ 4 MPa
at ¼ 1 106 K1 ks ¼ 0:5 N/mm s k
c ¼ 1 MPa/K kc ¼ 5 105 MPa
href ¼ 298 K g ¼ 8 102 MPa s
k ¼ 0:5 W/mK b ¼ 5 (–)
C1 ¼ 2 (–)
C2 ¼ 120 (–)
hb ¼ 298 K
href ¼ 298 K
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ferent loading rates using the same set of material parameters.
5.2. Single ﬁber pull out test
The single ﬁber pull out test is used to measure the bond
strength in ﬁber reinforced composite materials. The test is per-
formed by loading a single ﬁber while it is embedded in the matrix
material as shown in Fig. 8. The force required to pull the ﬁber out
of the matrix is determined, and the interface parameters are cal-
culated. An aramid ﬁber with a diameter of 0.79 mm is embedded
in a hydrogenated nitrile rubber (HNBR) layer with the dimensions
shown in Fig. 8. The composite is investigated at four temperatures
(room temperature, 100C, 150C and 200C) under a constant dis-
placement rate of 20 mm/min.
The simulation is carried out using the geometry and boundary
conditions shown in Fig. 8. The ﬁber is simulated with a squared
cross-section such that its area is identical to the area of the circu-
lar cross-section ﬁber. The rubber is modeled with a rectangular
cross-section of 717 mm and 13 mm thickness. Interface ele-
ments are placed between the ﬁber and the matrix along the inter-
facial area. The mechanical boundary conditions are taken to be
ﬁxed in the 3-direction at parts of the bottom surface of the rubber
as shown in Fig. 8. The thermal boundary conditions are free. Due
to the symmetry, only one fourth of the problem is modeled. The(a)
(b)
(c)
Fig. 11. (a) Loading functions, (b) force separation curves, (c) the averagediscretization is performed as shown in Fig. 8, where the mesh is
ﬁner near the ﬁber. For the symmetric model, 28 rubber elements,
81 aramid elements and 8 interface elements are used. The aramid
ﬁber is discretized with small elements until the height of 250 mm,
and then one element is used until 500 mm. The aramid ﬁber is
modeled using a thermomechanical Neo-Hookean material model,
while the rubber is modeled with a thermo-elastic extended tube
model presented in Behnke et al. (2011). The material parameters
of the aramid and the rubber were identiﬁed using tensile tests and
the acquired parameters are listed in Table 2. The simulation is
performed at the four temperatures and by comparing the simula-
tion results with the experimental data, the cohesive parameters
given in Table 2 were identiﬁed. Fig. 9 shows the stress distribution
in the loading direction at different time steps of the test for the
room temperature (RT). Comparisons between experiments and
simulations are shown in Fig. 10. One can observe the effect of ele-
vated temperature, which causes a substantial decrease in the
cohesive zone stiffness. The proposed interface element shows a
good capability in simulating the experimental results, where both
the pull out point and the force displacement curve are predicted
with an acceptable accuracy. This indicates the validity of the cohe-
sive law used even under shear or tangential separation. Further-
more, the temperature dependency of the model is demonstrated
by its ability to capture the experiments at different temperatures
using the same set of material parameters.temperature increase at the crack surfaces of the cyclic loading test.
Fig. 12. Temperature increase due to viscoelastic dissipation.
Fig. 13. Convergence rate at different times with Dt ¼ 0:025 s.
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In order to illustrate the thermomechanical coupling capabili-
ties of the formulation, the model is evaluated under cyclic loading
and the heat dissipation due to the viscoelastic effects is examined.Fig. 14. Relaxation test at dThe specimen with dimensions 10 10 20 mm is discretized by
54 bulk elements and 9 interface elements. The cohesive elements
are placed at the middle plane. The mechanical boundary condi-
tions are set to be u ¼ 0 at the bottom surface of the specimen.
At the top surface, the boundary conditions are held ﬁxed except
the direction where the loading function is applied. The thermal
boundary conditions at the top and bottom surfaces are set to be
ﬁxed. Linear thermomechanical elements with Neo-Hookean
material are used for the bulk elements. The parameters of the
cohesive elements and the bulk material used are given in Table
3. A triangle type displacement loading is applied with two differ-
ent frequencies as shown in Fig. 11(a). The results of the test and
the temperature increase at the interface are depicted in
Fig. 11(b) and (c). The temperature development is also shown in
Fig. 12 and the convergence rate for the same test at different times
is shown Fig. 13, which shows that quadratic convergence rate is
achieved. The results show clearly the dissipative nature of the
cracking process.
5.4. Relaxation test
Using the same geometry and material parameters presented in
the previous section, a relaxation test is performed by applying the
loading function depicted in Fig. 14, and at three different temper-
ature loadings applied as well at the top with the same loadingifferent temperatures.
Fig. 15. Screenshots during the relaxation test with temperature loading # ¼ 0.
4290 I. Zreid et al. / International Journal of Solids and Structures 50 (2013) 4279–4291speed as the displacements. The results in Figs. 14 and 15 show the
dependency of the cohesive stiffness and relaxation on tempera-
ture. The results are physically reasonable as the temperature in-
crease causes a decrease in the tractions, and an increase in the
relaxation speed.
The value of the interface thermal conductivity ks used here is
estimated such that a reasonable heat conduction happens. It ap-
pears that the ks value is related to the thermal conductivity of
the bulk material, and the use of very different values will either
prevent conduction totally or cause 100 % conduction. Moreover,
the characteristic length of the cohesive law, which depends on
the mechanical properties is expected to affect ks. Thermal conduc-
tion experiments are required to calibrate the ks, which may lead
to some relations between the interface conductivity, the bulk
material conductivity and the mechanical properties of the
interface.6. Conclusions
A new viscoelastic cohesive zone model has been introduced,
which is characterized by large deformation capabilities as well
as a fully coupled thermomechanical formulation. These three fea-
tures make the model suitable for the simulation of a wide range of
problems especially for polymeric materials, and enable the
description of both the heat generation due to viscoelastic cracking
as well as the heat transfer across the interface. Starting from the
principles of thermodynamics, a 3D ﬁnite element framework is
derived for a fully coupled simultaneous solution. The viscoelastic
model is constructed by extending a time-independent exponen-
tial traction separation law using a simple rheology. The viscous
part of the tractions is postulated to have the same characteristic
length as the elastic part and that they are related by a single mate-
rial parameter. A Newtonian dashpot is used to describe the evolu-
tion of the viscous separation. Furthermore, thermal effects are
accounted for using temperature expressions in both the traction
laws and the viscosity of the dashpot. Heat conductance across
the interface is described by a phenomenological expression.
Moreover, irreversible behavior of the model is introduced using
an elastic damage approach. The formulation is implemented with-
in an implicit ﬁnite element code and the internal variable is calcu-
lated using an internal iteration.
The model is used to simulate peeling experiments on sealed
thin polymeric ﬁlms. The comparison of numerical and experimen-tal data is quite acceptable. In addition, the thermal capabilities of
the model are demonstrated using a cyclic loading test and a relax-
ation test at different temperatures. The results of the cyclic test
show clearly the dissipative nature of cracking process and the
relaxation test shows temperature-dependency of the model. Fu-
ture work may include a more intense veriﬁcation of the model
using experimental data. It is also possible to extend the rheologi-
cal model by more branches or change the evolution law of the
dashpot to describe more accurately particular materials or failure
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